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The paper presents an attempt to describe a production induced evolution of the 
economy with identical homogeneous preferences and strictly convex production 
sets. The proposed phenomenological model is based on the regular behaviour of 
the multiple equilibrium prices and production vectors established in the paper, as 
the production period tends to zero, which allows for a consistent definition of the 
product rates and the assumption that the characteristic time scale of relaxation of 
the equilibria is much less than that associated with the production. The system of 
differential equations thus obtained is studied for the case of two commodities. The 
results and several examples with three commodities show an asymptotical price 
and production rates stabilization. ‘0 1988 Academic Press, Inc. 
A point of view shared by many mathematicians and economists 
interested in equilibrium theory could, probably, be best represented by the 
direct quotation from S. Smale: “... behind the fundamental problems of 
equilibrium theory: how is economic equilibrium attained and why is 
economic equilibrium stable lie the problem of modeling economic 
processes and introducing dynamics into equilibrium theory. A successful 
attack here would give greater validity to equilibrium theory.” [ 1) Indeed, 
to the best of our knowledge, there is no model that would result from a 
natural transition from the static equilibria of the economy into its 
evolution. 
The existing continuous dynamical models are very complex and take 
into account many features of the economic reality. However, they are 
based on an input of information from outside of the model (such as price 
trajectories). The present work is a very restricted attempt to fill the gap 
between equilibrium theory and the dynamics. 
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Our consideration is based on probably the simpliest situation with all 
agents having the same preference relation. Introduction of the producers 
into the picture leads, unfortunately, to multiple equilibria. Nevertheless. 
by shortening the period of production “prior” to the exchange act one 
observes, as we prove, a very regular and, as it were, uniform behaviour of 
the equilibria. More specifically, allthe equilibrium prices tend to the same 
limit, whereas the production plans tend to zero in such a manner that the 
productions per zrnit ime also tend to the same limit. 
Having therefore correctly defined the production rates we are able to 
introduce a dynamical system. In other words, the trade takes place 
continuously with infinitesimally small surplusses of goods produced at the 
instantaneous equilibrium prices and leads to an infinitesimally small 
change in the price vector. With a careful choice of the time scale it is only 
natural to expect that the economy evolves through continuously changing 
equilibria caused by production. Similar situations often occur in physics, 
for example, in the classical thermodynamics. 
Since this analogy clarifies our intentions, let us elaborate it a little 
further. Historically the phenomenological approach led to development 
of the thermodynamics of the equilibrium processes. Later theoretical 
justification was offered based on the statistical behaviour of large ensem- 
bles of interacting particles known as the kinetic theory of gases. It became 
clear under what conditions the idealization of the equilibrium process is 
applicable to a particular physical situation. It is also understood that the 
equilibria exist only to a certain degree of precision, and how long it takes 
for this precision to be achieved. 
Mathematical economics on the other hand seems to attempt first he 
development of a rigorous theory in most general terms [2]. This task, 
unfortunately,is extremely difftcult (if possible, although the remarkable 
achievements of the equilibrium theory are well known), since the proper- 
ties of the “molecules” of the economies; that is, the human individuals 
playing the roles of consumers, producers, etc., are basically unknown, and 
their interaction cannot be described as easily as that of the real molecules. 
Unfortunately again, economics is not an experimental science, and there 
is no laboratory where a clarified, idealized economic or social situation 
can be reproduced and studied with a suflicient number of repetitions. 
Thus, the necessarily phenomenological models in mathematical 
economics, such as in fact is the classical equilibrium theory, are based on 
more or less intuitively justified postulates. Sometimes, as for instance in 
the case of tatonnement (see, e.g., [3]) there is still a significant con- 
troversy and the acceptance of the model appears to be much less common. 
What we propose here is, in fact, a phenomenical model of the slow 
equilibrium dynamics caused by production. We do not concern ourselves 
with the price-forming mechanisms; instead we assume that the produc- 
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tion-trade act takes place at the equilibrium price, whereas (similar to ther- 
modynamics) the typical time scale of exchange of the information in the 
economy leading to the acceptance of the equilibrium exchange rates is 
significantly smaller than the time scales associated with production. 
Moreover, the closer to equilibrium the faster is the price adjustment 
(probably, there is also a reasonably accurate short-term price prediction 
mechanism in reality). 
Thus, the introduction of the dynamical system we attempt here can, in 
our opinion, be carried out rigorously as a limit of a model with the 
discrete time steps. We believe, however, that intuitive justification will 
sunice, and introduce a system of differential equations instead. 
Finally, we present several examples and preliminary results for the 
economy with two commodities. So far, our observations lead to the 
conclusion that in the general case solution of the dynamical system tends 
to a stabilized price followed by a linear growth of the economy. 
BASIC MODEL 
We assume strictly monotone strongly convex preference relations. We 
shall also add one more property that can be called strict homogeneity 
I. x>y*Ix>iy, x = x, ) x2, . ..) x,, (A>O) 
or, in terms of the utility function (“u” is assumed to be twice continuously 
differentiable), 
u(x) > u(y) * u(Ax) > u(Ay). 
It is easy to see that 
u(x) 'v u(y) =a u(Ax) - u(Ay). 
In other words, the indifference sets are obtained from each other by 
stretch (contraction). Examples of such utility functions are given by 
u(x,, . . . . x,) = x0;’ x;2 . . . xy. 
Note. In fact we can redefine the utility function as a homogeneous 
function if degree one. 
Next, we shall consider economies with all agents having identical 
homogeneous preference relations. To support the legacy of such a point of 
409.'132:2-I3 
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view, we argue that if one ignores special preferences caused, for example, 
by climate or by national minorities special habbits and introduces an 
aggregated consumer as an average household the differences connected to 
age and sex will be absorbed and the order of priorities will be dictated 
mostly by wealth. Of course, we also ignore the margins of the society, such 
as creative intellegencia, criminals, gays, etc. Otherwise, this approach 
seems to be statistically justified to a certain degree. 
The demand function x(e, p) of a homogeneous preference is also 
homogeneous of degree one with respect to the endowment e. Indeed 
where B,(p) is the budget set for the endowment e on the price p. This 
enables us to rewrite x(e, p) as 
x(e, p) = (e. P) x 
( > $j9 P = (e. PI x(p, P) = (e. p) X(P), 
(2) 
where X(p) = x(p, p). Using (2) the excess demand function can be 
significantly simplified (X’(p) = . . . = X”‘(p)): 
c(p)= f X’(e’, p)- jj “’ ei= C (e’.p)X(p)- f e’=(e.p)X(p)-e, (3) 
,=I r= 1 ,:I ,=I 
where e is the total initial endowment: e = CT!, e’. 
Thus the excess demand function becomes that of a single collective 
consumer with the initial endowment. The unique equilibrium price is 
obviously 
P = WeYllWe)ll, x(p) = e/(e. PI. (4) 
Now it is easy to find the final destribution of goods 
e’ .Vu(e) 
x(ei,p)=(e’.p)X(p)=$e=e-Vu(e) e. (5) 
Next we intend to complicate the model by introducing n producers. Let 
y’ be the production vector of the jth producer with a strictly convex 
production set confined by a differentiable frontier @‘: F’( y’) = 0. 
The excess demand of the ith consumer with the 0” share of y’ is 
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The total excess demand becomes 
[(e’, . . . . em, Y’,...,Y”,P)=~[(e’+~R~YJ)~P]X(p)-~(ei-~~~Yj) 
= 
K; 
Cei+C#j iY 1.~ Wp)-Ce’-C@y’ 1 =[(e+y).ilJO)-e-4'. i q (7) 
where y is the total production y = cj y’= C, @‘yj. Thus, the problem of 
the equilibrium price {(e’, . . . . em, y’, . . . y”, p) = 0 is identical with that of a 
single collective consumer with the endowment e and production y: 
C(e+Y).Pl %p)=e+y. (8) 
Let us introduce the mappings 
N’, @’ --f S’+ : N’( y’) = VF’( y’)/ IIVFj( y’) 11 (P( y’) = O), 
N, R; --+ S; : N(e) = WeYllV4e)llt 
(9) 
where S’+ is the positive part of 1- 1 sphere: e: + . . . + ef = 1, e E: R’+ . 
It is obvious that mappings of (9) are differentiable and one-to-one. 
From (8) we see that e + y is the demand for the price p, therefore 
P =We + y)/llWe + ~111 = Ne + ~1. (10) 
On the other hand, since yj = y’(p) is the profit maximizing production 
plan for the jth producer 
p = VF’( y’)/llVP( y’)(l = N’( y’), j = 1, . ..) n. (11) 
That. enables us to reformulate the equilibrium problem as 
Nj( yj) = N(e + y), j= 1, . ..) n. (12) 
If there is only one producer then by the convexity of the production set 
the equilibrium is unique. Otherwise, the equilibrium is not generally 
speaking unique, and not much is known about the structure of the set of 
equilibria. This leaves one with an uncomfortable feeling of the contradic- 
tion between the theory and one’s intuition and ultimately the economic 
reality. 
The point we are trying to make here is that the ambiguity of the non- 
uniqueness lies in the discrete character of the classical model. Namely, the 
agents do not suddenly enter the market as if they did not ever participate 
in the trade, with amounts of goods comparable to their total wealth: this 
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corresponds to catastrophical rather than regular state of affairs. In reality 
the trade is conducted continuously with small surplusses of commodities 
produced (or obtained in some other way) continuously. Moreover, the 
displacement of the economy from the equilibrium is infinitesimally small. 
Of course, the idealization we have in mind demands a careful choice of the 
characteristic time scale. On the other hand, “the catastrophic events,” such 
as introduction of a new technology leading to an instantaneous change of 
the production frontiers or a sudden inflow of import, constitute an impor- 
tant problem. 
However, our intention is to design a simple dynamical model; for that 
reason “the catastrophes” will not be considered here. 
UNIQUENESS OF THE PRODUCTION RATES 
Our plan is to derive the connection between the production and the 
endowments bundle as the production period T tends to zero and the 
economy instantaneously comes to equilibrium after each production-trade 
act. The last assumption has enough supportive evidence in reality, since 
the price-forming mechanisms reach equilibrium very quickly. However, it 
is not immediately clear how to avoid the multiplicity of the equilibrium. 
Indeed, as we say, that the equilibrium is rapidly established, one may ask 
which one of them we mean. Even worse: as T -+ 0 and each time we obtain 
an independent equilibrium problem, will it lead to a chaotic discontinuous 
change of equilibrium prices and production vectors? 
The following result shows that as the production period decreases the 
behaviour of all equilibria becomes quite regular and in a sense they all 
converge to the same price vector and the same production rate vector. 
Let again Fj(y’) = 0, j= 1, . . . n, be the production frontiers that establish 
the profit miximizing production plans per unit time (a single produc- 
tion-trade act). Then, for the production period of length T, the frontiers 
are obviously described by (if the technological evel does not change) 
(13) 
(the production plan y’ recalculated per unit time yJ/T should naturally be 
called the production rate). 
THEOREM. Let T + 0. Then the limit of all equilibrium prices is 
lim pT= 
T-O 
We) = WeMlWeill. 
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The limit of all equilibrium production rates is 
lim yj/T= (N’)-‘N(e), j=l n. , . . . 
T-0 
ProoJ First we note that since VG’,( y’) = (l/T) VFj( yj/T), 
N&( y’) = N’( y’/T), where N+ ‘%‘VGi,( y)/\lVGl,( y)ll. 
Then by homogeneity of the preference relation 
Me + Y) = We/T+ y/T), 
and therefore Eqs. (12), (13) can be rewritten as 
F’( z’) = 0, Nj(zj) = N(e/T+ z), j= 1, . . . . n, (14) 
where zi = yj/T, z = J$= 1 zj. 
Thus, we reformulated the equilibrium problem stretching endowments 
instead of contracting the production period. We have to prove that 
N(e/T+ z) -+ N(e), id+ (Nj)-‘N(e). (15) 
Let us define the set 
S> = {p E S’+ : the distance from p to aR: >, S}. 
Two cases should be considered: 
(a) N(R’+ ) c Sf for some Q > 0. By the homogeneity of the preferen- 
ces it means that all the indifference hypersurfaces cross the coordinate 
hyperplanes at some angle uniformly greater than zero. 
(b) Otherwise. 
In case (a), 
(N’)-‘N(R’+)c (N’)-‘(S;) 
and therefore the set Z of all production vectors suitable for equilibrium is 
compact. Therefore, for any small 6 > 0 we can find some sufficiently small 
T, such that 
where 
e/T+z (N’)-‘(Sk) cB,(e), 
i > 
B,(e) 2’ {p E S’+ : IJp - N(e)1 < 6). 
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Then z’ E(N)) ‘(B,(r)), and therefore lim.,,~‘lT=lim~,,,;‘= 
(N’) ‘N(e). 
In case (b) we shall need two simple properties of the production 
frontiers and the utility function that can be derived from the basic axioms, 
but for brevity’s ake we postulate them here: 
(i) Letp,~p,p~-,O.Then3n,:Vn>n,,y”(p,)dO,andforsomem 
p;+pm>O, y;>o. 
(ii) Let e,, be a sequence of bundles N (e,) -+ p, @(en) + 0, 
Nm(e,?) --+ p”’ > 0. Then ea/ek -+ 0. 
The interpretation of (i) is as follows: if the price of a commodity tends 
to zero then this commodity will eventually belong to the input of the 
profit maximizing vector, and there is some other commodity with the 
price converging to a non-zero value that belongs to the output. The 
interpretation of (ii) is, that we must have a relatively large amount of 
commodity k for the utility function not to grow in the kth direction. 
There exists T, such that for some 8, N(e/T+z,)E Si, VT> T,,, (z,= 
c, z+, zj. are solutions of (14)). Indeed, if this is not correct, then 
3{T,} +O: {p,=N(e/T,+z,n)} +p~dR’+. 
Then by (ii) In, : z”T, < 0, zlF, 2 0, Vn > n,, and 
e” 2_= em+ T,z~~ m 
4 
>c=const,O 
ek + T,,z$~ ek 
does not tend to zero in contradiction to (ii). We proved that starting from 
some T all equilibrium prices belong to some $2. Then apparently in 
case (b) 2 is also uniformly bounded. The proof can now be completed as 
in case (a).’ 
DYNAMICAL MODEL 
The theorem allows us to introduce the evolution equations of the 
economy assuming that the characteristic time scale of relaxation of the 
equilibrium is much less than the typical time of production. In other 
words, the economy evolves through equilibrium states while the produc- 
’ We believe that similar results can be proved and the dynamical model can be introduced 
in the infinite-dimensional case (see, e.g., [4]). 
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tion changes endowments, and we come to the autonomous system of 
differential equations 
$ e(t) =I (Nj)-‘N(e(t)) 
i 
(16) 
or, alternatively, a system of functio-differential equations of the form: 
$=$ Y’, 
nqt)VF’(y’)=Vu(e), j=l , . .) n, (17) 
F’( y’) = 0. 
Note. Since the mappings N, Nj (j = 1, . . . . n) are smooth the classical 
theorems of existence and uniqueness of the solution of (16) are applicable 
throughout the bundle space. 
The systematic study of the dynamical system defined above has yet to 
be undertaken. Here we present several examples and some simple results 
concerning the economies with two goods. 
EXAMPLE 1. Consider the economy with only two commodities and one 
producer. The utility function is given by u(x, y) = xy and the production 
frontier by F(‘(~,v)=([-l)(q-l)-l=O. Then by (16) we come to the 
system of equations 
$=l-.J$ 
$1-&G. 
It is easy to see that ,/+ & = & + &= C is an integral of the 
system. Separating variables and integrating we obtain 
If we start from a bundle with x0 < y, then k > 0 and x increases until 
&==&=t(&,+,/“h, b ut when x approaches that value, t tends to 
infinity. At the same time y will decrease monotonicly to the same value. Is 
this the general situation with one producer? The answer is affirmative. 
PROPOSITION 1. Any two- commodities-one-producer e onomy tends to a 
.finite limit with zero production. 
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Proof Let the production frontier be given by F(t, 7) =.f’(t) - q = 0, 
VF= (f’, - 1). Denote g(x, y) = - u.,/u,., where u(x, y) is the utility 
function. Then by (16) f“(4) = g( x, y) and we obtain the equations 
$ = (f’) ’ g(x, “Y), f&f. (.f’, ’. g(x, Y), (18) 
and the equation in the phase plane 
dY -= 
dx 
.f. (f’) -~ l dY/X) dgf @(y,x) 
(.f’) -I. g(y/x) 
(g(x, y) depends only on y/x). Thus, 
The equilibrium of the system is given by 
(f’) - ’ . g(y/x) = 0 or y/x = g .f’(O) = ro. 
Let y/x>v, then g(y/x)<g(r,) and (f’))‘.g(y/x)>(f’))‘.g(r,)=O. 
Therefore dx/dt > 0, dy/dx < 0. It is clear then, that the curve y(x) decreases 
monotonicly until (asymptotically as t tends to infinity) it reaches the ray 
y/x = r. (see Fig. 1). 
We see therefore, that the single producer economy always comes to a 
saturation point at which no production is profitable. Is this the case with 
more than one producer? Let us consider an example. 
FIG. I. Two commodities-one producer phase diagram 
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EXAMPLE 2. Let u(x, y) = xy be a two-commodity utility function and 
F’(&~)=(&l)(V]-2)-2=0 
P(& q)=((-2)(q- l)-2=0 
the production frontiers. Then (16) gives the system of equations 
$=3-m, $=3-m. 
In the phase plane the equation is 
dy&h&-$blx 
z- 3&-d. 
One can easily obtain the integral of motion 
(JJ;-JJ)‘-JqJY+~)‘+-Jv 
The phase plane has no equilibrium of the system but it has a constant 
speed linear trajetory corresponding to y/x = 1. If x > y then 
&x)=3(x-y)/x’>O. 
The angle is increasing monotonously to n/4. Thus we see that every trajec- 
tory asymptotically tends to the constant speed one. In fact, we can show 
that the two-producer economy is similar to Example 2 if a certain 
condition is fulfilled. 
PROPOSITION 2. Any two-producer economy asymptotically tends to a 
single trajectory with constant prices and linear growth, if N’(O) # N*(O). 
Proof. Let U(X, y) be the utility function and the production frontiers 
are defined by 
F’(l> VI = v - da = 0 
F2(<, rl) = v - t45) = 0. 
Collinearity of the normals on the frontiers to Vu leads to 
(P’(5,) = $‘(52) = !.T(YlX), 
where g( y/x) = - u,/u ,, .Then consequently 
51= (cp’) -’. g(v/x), v1= (P(5,), 
r2 = (tw ’ . g(YlxL v2 = e421. 
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Thus, the differential equations will be 
Lg=(,~) ’ K(.I’!.~) + (‘y) ’ g(yjx), 
(19) 
$=ad) -‘.g(y/-~)+IcI.($‘) ‘.g(y/x), 
and the equation of the trajectory of the phase plane corresponds to 
dY rp.(cp’)- ‘.g(y/x)+~.(Il/‘)-‘.g(ylx) 
z= (cp’)-‘.g(y/x)+(~‘)~‘.g(y/x) (20) 
Now consider 
- (Y/X)C(cp’) l . dY/X) + (6) -’ . dY/X)l. 
The expression in the first square brackets is a sum of two monotonicly 
decreasing functions with one root; hence such is the sum. The same can be 
said about -y/x times the second expression. Thus d/dt(y/x) is a 
monotonicly decreasing function having the root at some y/x = r: 
cp.(cp’)-’ .g(ro)+ti wr ~g(ro)=rd-(cp’)r’ .g(ro)+ (ICI’) -‘.g(ro)l. 
(21) 
It is easy to see that there is a linear trajectory with y/x = rO. Therefore, we 
obtain the same asymptotical behaviour as in Example 2 (see Fig. 2). 
FIG. 2. Two commodities-two producers phase diagram 
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EXAMPLE 3. Three-goods-three-producers economy. Consider an econ- 




By (16) we obtain the system of equations 
$4-3 155z=4-3 $qjYl 
$4-3 $57jZ=4-3 J527l 
;=4-3 @&4--3 $57&i, 
where A = x/z, p 
2, p, and z: 
y/z. We can rewrite this system of equations in terms of 
4 
~=4u-P)/z 
It is easy to see that A and p tend monotonicly to the value 1= p = 1. The 
corresponding stable price trajectory is described by dx/dt = dy/dt = 
dzldt = 4 - $6. Th us, every trajectory will asymptotically approach this 
constant price linear evolution. 
Note. Since dA/dp = (1 - A.)/( 1 - p) we obtain (1 - A)/( 1- p) = const or 
(z -.u) = k(z - y). In other words, the development takes place within a 
plane passing through the constant speed trajectory. 
EXAMPLE 4. Three-goods-two-producers economy. Let u, F’, and F2 be 
as in Example 3. The differential equations are 
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In 1, p terms this becomes 





Thus, we obtain the price-stable trajectory 
to which asymptotically every trajectory of the economy evolves. 
Note. The stable prices are (1, 3, s). It is natural to expect that the less 
efficiently produced commodity z is more expensive. 
SEVERAL REMARKS IN CONCLUSION 
The dynamical model introduced in the present work serves mostly to 
demonstrate how the contradiction of the multiplicity of equilibria is 
resolved in a continuously evolving economy. Apparently, our model lacks 
generality and carries some severe restrictions on the utility functions and 
to a lesser extent to the production sets. So far we have not attempted to 
relax some of the restrictions or to add complexity to the model in order to 
include various features of the very complex economic reality. Our goal 
was to obtain a natural transition from classical equilibrium theory to the 
dynamical evolution. 
The main feature of the dynamical system seems to be asymptotic 
stabilization of the prices and asymptotically linear expansion. We think it 
is safe to conjecture the following general statement describing the 
behaviour of the economy with an arbitrary number of commodities and 
producers: 
If there are at least two non-tangent at zero production frontiers 
then the economy asymptotically tends to a constant price linear 
expansion, provided that all commodities are produced in the 
economy. 
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If the above proposition is correct, one can speculate that more rapid than 
linear growth of economy is due to the technological development of the 
society. 
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